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B-Meson Mixing and Lifetimes 

C. Tarantino'' 

'^Dipartimcnto di Fisica, Universita di Roma Tre, and INFN, Sezione di Roma III, Via della Vasca 
Navale 84, 1-00146 Rome, Italy 

Bd and Bs meson systems play a fundamental role to test and improve our understanding of Standard Model 
flavor dynamics. The mixing parameters Amd,s represent important constraints in the unitarity triangle analysis. 
Their theoretical estimates require non-perturbative calculations of B-meson decay constants and B-parameters; 
accurate results, recently obtained from the lattice, are reviewed. Other phenomenologically interesting quantities 
are the beauty hadron lifetime ratios and, the width differences and CP-violation parameters in Bd and Bs systems. 
We discuss their theoretical predictions which, in the last four years, have been improved thanks to accurate lattice 
calculations and next-to-leading order perturbative computations. 



1. Introduction 

The neutral and Bg mesons mix with their 
antiparticles leading to oscillations between the 
mass eigenstates. The time evolution of the neu- 
tral meson doublet is described by a Schrodinger 
equation with an effective 2x2 Hamiltonian 
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and L denote the Hamiltonian eigenstates with 
the heaviest and lightest mass eigenvalue. These 
states can be written as 
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Theoretically, the hadron lifetime is related 
{tb^ = 1/Tl,), while the observables 
AFg and \{q/p)q\ are related to M21 and 
In Bd^s systems, the ratio r2]^ /M|]^ is of 
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Therefore, by neglecting 
one can write 
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The matrix elements and T^, 



are related, 

respectively, to the dispersive and the absorptive 



parts of the AB — 2 transitions. In the SM, these 
transitions are the result of second-order charged 
weak interactions involving the well-known box 
diagrams. 

The dispersive matrix element M|j^ has been 
computed at the NLO in QCD [T|. Since the mass 
differences Am, play a fundamental role in con- 
straining the unitarity triangle, it is important to 
have precise theoretical predictions of A/|j^. Re- 
cently, accurate studies of the B-meson decay con- 
stants and B-parameters entering in M|]^, have 
been performed on the lattice. 

The absorptive matrix elements Tf, and 
can be computed by applying the heavy quark ex- 
pansion (HQE) 2 , with a consequent separation 
of the short-distance contributions from the long- 
distance ones. The great energy mi,) released 
in beauty hadron decays, in fact, allows to expand 
the inclusive widths in powers of l/mb- Theoret- 
ical predictions of inclusive rates are based on a 
non-perturbative calculation of matrix elements, 
widely studied in lattice QCD, and a perturbative 
calculation of Wilson coefhcients. 

Recently, the contribution of light quarks in 
beauty hadron decay widths (spectator effect) 
has been computed at 0{as) in QCD and 
0{Aqcd /''nb) in the HQE. Based on these cal- 
culations is the theoretical prediction for beauty 
hadron lifetimes and B-meson width differences 
and CP- violation parameters. Improved theoreti- 
cal estimates have been obtained, to be compared 
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with recent accurate experimental measurements 
or limits. 

2. Mixing parameters 

The mass difference in the Bd — Bd system 
(Anid) is proportional to /s^BsrflVtdp, thus rep- 
resenting a constraint on the CKM element \Vtd\, 
provided that the multiplied hadronic matrix ele- 
ments are calculated. The analogous mass differ- 
ence in the Bs ~ Bs system (Am^) can be used to 
reduce the theoretical uncertainty, by considering 
the ratio 



Averages 



Wts 



ATOs 



Amrf \Vtd\ 



cx 



with £, 



Jba Bb. 
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The hadronic parameter that is better de- 
termined from lattice calculations is fg 13 b, ^ 
whereas ^ and fsaBsa are affected by larger un- 
certainties coming from the chiral extrapolations. 
These uncertainties are strongly correlated. For 
this reason, the best approach to constraint the 
unitarity triangle, recently proposed and adopted 
in Ref. j3|, uses the following equations 



Arud oc 



« e ■ (5) 



In lattice calculations the difhculty to treat 
heavy quarks has been essentially solved by in- 
troducing the HQET based lattice actions, and 
the results from different formulations are in 
good agreement, in the quenched approximation, 
within the systematic uncertainty of 15% "7. 
Concerning /b, , unquenched results seem slightly 
higher than the quenched values 10 — 15%) 0] 
but some systematics, as continuum scaling, are 
not yet investigated. In the case of the Bb pa- 
rameter, instead, sea quark effects result to be 
negligible. Concerning the chiral extrapolation, it 
represents a delicate issue for Jb^ and, nowadays, 
chiral log effects are finally estimated (~ 5%) 0], 
while chiral loops are not a problem for Bb^, as 
expected from ChPT. 

In Table |21 we summarize the averages for 
the Bq — Bq mixing parameters, which include 
rough estimates of chiral logs and unquenched ef- 
fects. This year, new results have been obtained 



fBiB^B^ 
JBs^B^ 
Ib, I fBa 



189(27) MeV 
230(30) MeV 
214(38) MeV 
262(35) MeV 
1.22(i^) 
1.23(6) 



by the HPQCD Collaboration ^ that confirm 
their previous estimates 0. The averages in Ta- 
bic [21 therefore, are identical to those presented 
at ICHEP2004 by S. Hashimoto g). 

3. Beauty hadron lifetime ratios 

The experimental values of the measured life- 
time ratios of beauty hadrons are jTj 



^^TbT) 



1.081 ±0.015,^ 



XbT) 



0.939 ±0.044, 



r(Ba) 



0.803 ±0.047. 



(6) 



By applying the HQE, the inclusive decay 
width of a hadron Hh can be expressed as a sum of 
local /S.B = operators of increasing dimension, 
as 

T{H,) = Y,^^{H,\6t^=^\mb). (7) 

^^^^ ITl 



The HQE yields the separation of short distance 
effects, confined in the Wilson coefficients (cfe), 
from long distance physics, represented by the 
matrix elements of the local operators (O^^^"). 

Spectator contributions, which distinguish dif- 
ferent beauty hadrons, appear at ©(l/m^) in the 
HQE. These effects, although suppressed by an 
additional power of l/m;,, are enhanced with re- 
spect to leading contributions by a phase-space 
factor of 167r^, being 2 — > 2 processes instead 
of 1 ^ 3 decays |8I9) . In order to evaluate 
the spectator effects one has to calculate the 
matrix elements of dimension-six current-current 
and penguin operators, non-perturbatively, and 
their Wilson coefficients, perturbatively. 

Concerning the perturbative part, the NLO 
QCD corrections to the coefficient functions of 
the current-current operators have been com- 
puted nni-ini. 



B-Meson Mixing and Lifetimes 



3 



Concerning the non-perturbative part, the non- 
valence contributions, corresponding to contrac- 
tions of two light quarks in the same point, have 
not been computed. Their non-perturbative lat- 
tice calculation would be possible, in principle, 
however it requires to deal with the difficult prob- 
lem of power-divergence subtractions. On the 
other hand, the valence contributions, which exist 
when the light quark of the operator enters as a 
valence quark in the external hadronic state, have 
been evaluated. For _B— mesons, QCD and HQET 
lattice results have been recently combined to 
extrapolate to the physical b quark mass 
while for the A;, baryon, lattice-HQET has been 
used These accurate results are in agree- 

ment with the values obtained in previous lattice 
studies CSI-ini- 

Last year, the sub-leading spectator effects 
which appear at 0{l/mf) in the HQE, have been 
included in the analysis of lifetime ratios. The 
relevant operator matrix elements have been es- 
timated in the vacuum saturation approximation 
(VSA) for i3— mesons and in the quark-diquark 
model for the Af, baryon, while the corresponding 
Wilson coefficients have been calculated at the 
leading order (LO) in QCD [IB]. 

Updated theoretical predictions for the lifetime 
ratios are [T^ 

T<,B+) 



= 1.06 ±0.02, 

NLO 



r(Bs) 
r{Ba) 



= 1.00 ±0.01, 

NLO 



r(A6) 



r(Bd) 



0.88 ±0.05. 



NLO 



(8) 



They turn out to be in good agreement with the 
experimental measurements of Eq. @ . 

It is worth noting that the agreement at 1.2a 
between the theoretical prediction for the ra- 
tio T(Ab)/T{Bd) and its experimental value is 
achieved thanks to the inclusion of NLO (see 
Fig. ^ and the 1 / mi, corrections to spectator ef- 
fects. They both decrease the central value of 
T{Kb)/T{Bd) by 8% and 2% respectively. 

Further improvement of the T{Ab)/T{Bd) the- 
oretical prediction would require the calculation 
of the current-current operator non-valence B- 
parameters and of the perturbative and non- 
perturbative contribution of the penguin oper- 
ator, which appears at the NLO and whose 
matrix elements present the same problem of 
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Figure 1. Theoretical (histogram) vs experimental 
(solid line) distributions of lifetime ratios. The 
theoretical predictions are shown at the LO (left) 
and NLO (right). 



power-divergence subtraction. These contribu- 
tions are missing also in the theoretical predic- 
tions of T{B+)/T{Bd) and T{B,)/T{Bd), but in 
these cases they represent an effect of SU{2) and 
SU (3) breaking respectively, and are expected to 
be small. 

4. Neutral Bg-meson width differences 

The width difference between the "light" and 
"heavy" neutral B^-meson (g — d, s) is defined in 
terms of the off-diagonal matrix element (see 
Eq. ©). 

In the HQE of T21, the leading contribution 
conies at 0{l/m'^) and is given by dimension-six 



AB = 2 operators. Up to and including 0{l/m 
contribution, one can write 



^ 21 ~ 



[cl{f^,){B,\OUf^2)\B,)- 



247rMB 

cUf^2){B,\Ol{^i2)\B,) 



A'' 



(9) 



where {Bq\Of{fi2)\Bq) are the matrix elements 



4 



C. Tarantino 




1 2 3 4 ^ 6 7 5 iO Ir. Z'J zb 30 



Figure 2. Theoretical distributions for Bd and Bg 
width differences, at the LO (light/red) and NLO 
(dark/blue). 



of the two independent dimension-six operators, 
cf(/X2) their Wilson coefhcients, known at the 
NLO in QCD while represents 

the contribution of the dimension-seven opera- 
tors 112 • 

Lattice results of the dimension-six operator 
matrix elements |53]-|57] have been confirmed 
and improved, by combining QCD and HQET re- 
sults in the heavy quark extrapolation j^S]. More- 
over, the effect of the inclusion of the dynamical 
quarks has been examined, within the NRQCD 
approach, finding that these matrix elements are 
essentially insensitive to switching from n/ = 
to n/ = 2 PMT) . 

Concerning the dimension-seven operators, 
their matrix elements have never been estimated 
out of the VSA. Two of these four matrix el- 
ements, however, can be related through Fierz 
identities to the complete set of operators stud- 
ied in Ref. EHl- 

The updated theoretical predictions are [20] 

AFd/Fd = (2.42±0.59)10-^ 
AF,/F, = (7.4±2.4)10^^ (10) 

The corresponding theoretical distributions are 
shown in Fig. 12 where the effect of NLO cor- 
rections can be seen to be quite relevant. 

The interest in AFc, has largely increased due 
to recent experimental measurements from the 
CDF |3T] and DO ,32| Collaborations. Previous 
experimental limits [7] 

AFrf/Fd = 0.008 ±0.037 ±0.019, 

AF./F. = 0.07tE!:°?, (11) 

were in agreement with theoretical predictions, 



within the large experimental uncertainties. Last 
year CDF and DO presented their results for 

AF,/F, 

AF,/F, = 0.65j:°:^^± 0.01 (CDF), 

AFJF, - 0.2lt°:27(D0) . (12) 

The CDF's result is surprisingly large, 2cr away 
from the theoretical prediction. Updated exper- 
imental results with higher statistics are there- 
fore needed for a significant comparison. The 
theoretical value, instead, is under control and 
comes from cancellations occurring at the NLO 
and ©(l/m^), which successively reduce the LO 
central value from 0.26 to 0.18 and to the final 
0.074 given in Eq. (P|. 

Our theoretical prediction is slightly smaller 
than the value calculated in Ref. (AFs/Fs = 
0.12(5)). This difference is mainly due to the con- 
tribution of ©(l/mf ) which, in Ref. is wholly 
estimated in the VSA, while we express the ma- 
trix elements of two dimension-seven operators in 
terms of those calculated on the lattice. 

5. CP Violation parameters: \{q/p)d\ and 
\{<llv)s\ 

The experimental observable \{q/p)q\, whose 
deviation from unity describes CP-violation due 
to mixing, is related to M!^^ and T\^, through 
Eq. (PJ. The theoretical prediction of \[q/p)q\ 
is therefore based on the same perturbative and 
non-perturbative calculation discussed in Sec. 0] 
while the Vckm contribution to \ {q/p)q\ is differ- 
ent from that in AF^/Fg. 

The updated theoretical predictions HU] are 

\{qlp)d\-l = (2.96 ±0.67)10-4, 
\{qlp)s\-l = -(1.28±0.28)10-^ (13) 

The corresponding theoretical distributions are 
shown in Fig. |31 with an evident effect of NLO 
corrections. 

A preliminary measurement for 1(9/^)^1 — 1 is 
now available from the BABAR Collaboration [7] 

\{q/p)d\ - 1 = 0.029 ± 0.013 ± 0.011 (14) 

Improved measurements are certainly needed to 
make this comparison significant for the unitarity 
triangle analysis. 
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Figure 3. Theoretical distributions for \ {q/p)q \ — 1 
in Bd and Bs systems, at the LO (light/red) and 
NLO (dark/blue). 
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